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Mircea Neagu and Constantin Udri§te 



Abstract 



The aim of this paper is twofold. On the one hand, to study the local rep- 
I I ' resentations of d-connections, d-torsions, and d-curvatures with respect to an 

adapted basis on the jet fibre bundle of order one. On the other hand, to open 

the problem of prolongations of tensors and connections from a product of two 

2 ' manifolds to 1-jet fibre bundle associated to these manifolds. Section 1 defines 

the notion of F-linear connection on the jet fibre bundle of order one and deter- 
mines its nine local components. Section 2 studies the main twelve components 
of torsion d-tensor field, and Section 3 describes the eighteen components of cur- 
vature d-tensor field. Via the Ricci and Bianchi identities, Section 4 emphasizes 
the non-independence of the torsion and curvature d-tensors. Section 5 studies 



v^ I the problem of prolongation of vector fields from T x M to 1-jet space J^ (T, M). 

Mathematics Subject Classification: 53C07, 53C43, 53C99 
^— V ' Key words: 1-jet fibre bundle, nonlinear connection, F-lincar connection, torsion 

f^ , d-tensor field, curvature d-tensor field. 

o 

-^ ! 1 Components of F-linear connections 

a • 

Let us consider T (resp. M) a "temporal " (resp. "spatial ") manifold 
of dimension p (resp. n), coordinated by (i")„^Y-; (resp. (a;*)i=T7r)- ^^^ 
J^{T, M) -^ T X M be the jet fibre bundle of order one associated to these manifolds. 
^^ ' The bundle of configuration J^{T,M) is coordinated by (i",x%x^), where a = l,p 

3 , and i = l,n |10| . Note that, throughout this paper, the indices a,/3,7, . . . run from 

1 to p and the indices i,j,k... run from 1 to n. 

On E = J^{T, M), we fixe a nonlinear connection T defined by the temporal com- 



w^ \Q and the spatial components NYI 
rules of the local components of the nonlinear connection V are expressed by [llC 



ponents M^ {„ and the spatial components V, x .. We recall that the transformation 



(1.1) 



Wt^Qfa (t)" fe'' 5t/5 at° 



Let { - — , — -, -— \ C X{E) and {dt°' ,dx\5x'^A C X*{E) be the dual adapted bases 
Oi" ox^ oxl. 



associated to the nonlinear connection T = {M^K^^N^'K.)^ 



by the formulas 



(1.2) 



d 



M, 



U) 



d 



(5r dt"' ^'^'>°'dx'r 



_S___d_ 



N, 



U) 



d 



^^^'dxi 



faL = dxl, + Ml2~,pdt^ + N^^^dx^. 



These bases will be used in the description of geometrical objects on E, because their 
transformation laws are very simple pO| : 



dP 6 



dx^ 5 



d 



dx^ at" d 



(1.3) 



5t^ dt^ 6iP ' 6x^ dx' 6xi ' fej, dx^ &¥ a^^ ' 



dt"^ = -=-dF, dx' 






In order to develope the theory of F-linear connections on the 1-jet space E, we 
need the following 

Proposition 1.1 i) The Lie algebra X{E) of vector fields decomposes as 

X{E) = XiUr) ® A'(Hm) © X{V), 

where 



X{nT)^Span{ — }, XCHm) 



Span 



(-1 



X{V) = Span 



{dxi^j- 



a) The Lie algebra X*{E) of covector fields decomposes as 

x*{E) = x*{nT) © x*{nM) © x*{v), 

where 

X*{nT)^Span{dr}, X*{HM)^Span{dx'}, X*{V) ^^ Span{Sx'J. 

Let us consider Ht, Hm (horizontal) and v (vertical) as the canonical projections 
of the above decompositions. In this context, we have 

Corollary 1.2 i) Any vector field X can be written in the form 

X = HtX + HmX + vX. 

ii) Any covector field lu can be written in the form 

ui = Htuj + Hmoj + voj. 



Definition 1.1 A linear connection V : X{E) x X{E) -^ X{E) is called a T-linear 
connection on E if V/it — 0, Vft-M — and Vw = 0. 

In order to describe in local terms a F-linear connection V on E, we need nine 
unique local components, 



(1.4) Vr — {Cp^, G,;^, Gf^^-^f^jj^, 






^/3j' 






^(a)0)fc' ^/3(fc)^ 



»(fc) ' ^(a)0)(fc)^ 



which are locally defined by the relations 
S ^„. S _ S 



[hj 



V 



«Tji/3 






' Sx^ 






'^*^ dx'^p 



G 



(fc)(/3) 



d 



{a){t)-i Q^k 






"/S 



{v) 



G 



a{-t) 



tj St0 1^^^^ 6t- 



:, V^ 



(5x* 



G 



Hi) 



6 



d 



(■'^ Ja;'^ ' axJ 9a;% 



G, 



(fe)(/3)(7) 



d 



(a) (00) Qj^fc 



The transformation laws of the elements < - — , - — -, — — - > together with the prop- 

1^ Oi" ox^ ox]^ J 

erties of the F-linear connection V, imply 

Theorem 1.3 i) The components of the T-linear connection V modify by the rules 



[hr) 



G 



^dt^ 



"'^dt'^dt'^ df^dtP 
dx^ dx^ dt^ 



f^ik /^7] 

Q(k)(P) ^q{p)(v) ^^^ di" dx^ djl^ ^i^' 

(7)(»)a - (e)0> d^p Qtt Q^i Q^^j Q^a 






{hM) 



{v) 



-^ dx^ _jv dt^ di'' 



l: 



dx^ 



= l: 



L 



(fc)(/3) 



diP dxi d^S:'' 
dx^ di" dxP dtf^ dx^ 



--{r)(r,) 






G 



(7)(0j (^){P)i QxT Qt-i Qj.t Qln Qxo ^ ^ di"- dx^dxo 

'7(") _ r'^"^^^ ^*^ '5^~^ ^^' ^^" 



0(i) 



G. 






^U) Qlt, dtfS Q^i QlS 

s(/3) dx^ dxP dx^ df^ 



P('^) di' dx' dx3 diP 



G. 



ik)(p}(a) 
(7)(i)(j) 



G, 



ir)(p)(i^: 



dx^ di^ dxP dtf^ 5x« 9t" 



(e)(p)(«) di"- df dx^ dif" dx3 9r ' 



ii) Conversely, to give a T-linear connection V on the 1-jet space E is equivalent to 
give a set of nine local components 1.4, whose local transformations laws are described 



Theorem 1.3 allows us to construct on the 1-jet space E a natural example of 



F-linear connection. 



Example 1.1 Suppose that hap{t) (resp. ipij{x)) is a pseudo-Riemannian metric on 
T (resp. M). We denote H^a (resp. '-f^j) the Christoffel symbols of the metric haf3 
(resp. (/?ij). The canonical nonlinear connection Tq associated to these metrics is 
defined by the local components jl^l 



(*) _ zji ^i aA:^) 



(1-5) M]2^p = -Hl^x^^^ iV(^4.=7J™C- 

In this context, using the well known local transformation rules of the Christoffel 



symbols iJ^^ and 7^ and setting 

n fi^ r^ - n^ (^(^)(P) _ ':krrP rk _ k j-{k){f}) _<:0^k 

{l.K>) <-^Q/3 - -"q/3' ^{'y)(i)a- ~'^t^ai^ ^ij-^ij^ ^ {7){i)j ~ "l^iJ ' 

we conclude that the set of local components 

BTo = {h:^, 0, G{^\%1 0, 7^, l[',][%, 0, 0, 0) 

defines a To-linear connection. This is called the Berwald connection attached to the 
metrics pair (/iq/3, (fij). 

Remark 1.1 In the particular case {T,h) = {R,d), the Berwald connection reduces 
to that naturally induced by the canonical spray 2G" = ^]]^V-'y^ of the classical theory 
of Lagrange spaces . For more details, see Q , [^ . 



Now, let V be a F-linear connection on E, locally defined by 1.4. The linear 
connection V induces a natural linear connection on the d-tensors set of the jet fibre 
bundle E = J^{T,M), in the following fashion: starting with a vector field X and a 
d-tensor field D locally expressed by 



(m) 






we introduce the covariant derivative 



VxD = X^V^D + XPV^D + X'^^V^D = {x^D^^g;;);;;/^ + XP 
^ik{p)(i)...\p + ^{e)^^k{m)-kp)] 5f^® 5x'® dx' (Sdxg.. 



where 



(hT) 



^J~)0'i{i){S)--- 

1 



^aiU){S)- ^ "-^7fc(/3)(0... _^ ^MJ0")(<5)... Qa 



p.am{j)(S)...^i p.ai(m){S)...^(j){ii) _ 

^Mfe(/3)(0-^'re ^7™(/3)(0-^fe^ ^7fc(/3)(m)...^(p)(0£ 



{h 



M) 



D 



ai{j)(S)... 
lKli){l)...\p 



SD 



ai(j)(5)... 

iKfm)- , ^tii{j){S)... fa 

SxP ^-ik(pm...^m^ 



y^am{j){S)... ji j^ai(m) {&)... y{j)(p) _ 

^-rWmi)- ^^P ^ ^lHp.)(l)... ^(/3)(m)p + • • • 

_p,0'i{j){S)... Yfj, _ p.ai{j){5)... T-m _ p,ai{j){fj.)... j-{rn){S) 
^pfc(/3)(0...^7P ^7m(/3)(0-- feP ^jk{P){,n)...-^{p){l)p 



j^aiU){S)...,ie) 
^jk(l3){l)...\(p) 






D 



fj.i{j){5)... ^a{e) 
7fc(/3)(0...'-^M(p) 



(V) \ „amO■)(5)...^^(e) „m(m)(5)... ^0)(m)(£) 

^7fc(/3)(0- ^"^(P) ^ ^lk(p)(l)... '-(/3)(m)(p) ^ • ■ • 

_-p.ai(J)(S)--- r^Ks) _ T^ai(j){S)... ^m(e) _ p.ai{j){fj.)... ^{m){5){e) 

The local operators "/e", "|p" and "|( n" are called the T -horizontal covariant 
derivative, M -horizontal covariant derivative and vertical covariant derivative of the 
r linear connection V. 



Remarks 1.2 i) In the particular case of a function f {t'' , x'' , x^) on J^{T,M), the 
above covariant derivatives reduce to 



(1.7) 



f/e 



Sf df 



St^ 



dt^ 



M, 



(k) df 

{y)eQxk 



■''^ SxP dxP ^^^Pdx^ 
J\{P) Q^p- 



ii) Particularly, starting with a d- vector field X on J^{T, M), locally expressed by 

6t" 6x' (") dxl ' 



the following expressions of above covariant derivatives hold good: 



{hi 












X 



(a)/£ - 



sx. 



(i) 
(a) 



St'' 






(h 



M) 






IP SxP 



v7n T I 
^ ^mp 



X 



(a)\p 



sx 



[i) 
(a) 



SxP 



(m) (a)(m)p' 



(v) 



X 



X' 






a|(£) 



de)^dX 



X^C 



m(p) 



X 



(0 |(e) 



ax 



(a) 



-^(m)^(i)(Ai)(£) 



iii) The local covariant derivatives associated to the Berwald Fo-linear connection, 



wiU be denoted by "//,", "j|p" and " 



I(P) ■ 



Denoting by ".^i" one of the covariant derivatives "/e", "|p" or "|/'^n", one easily 
proves the following 



Proposition 1.4 // Z?" and F'' are two d-tensor fields on E, then the following 
statements hold good. 

i) D'.j^ are the components of a new d-tensor field, 



Hi) {D- ®F;):A ^ D:, 



F- +D- 



'F 



...-.A' 



iv) The operator "-a " commutes with the operation of contraction. 



2 Components of torsion d-tensor field 

Let us start with a fixed F-linear connection V on iJ = J^{T, M), defined by the 
local components |1.4| . The torsion d-tensor field associated to V is 

T : P^{E) X X{E) -^ X{E), T{X, Y) = VxY - VyX - [X, F], y X,Y e X{E). 

To characterize locally the torsion d-tensor T of the connection V, we need the 
next 

Proposition 2.1 The following bracket identities are true, 



T^,T^ =i?: 



■ 5 
5t^ 


5tP_ 


' S 
St<^ 


d ' 

dx],_ 


' S 


d ' 

dx'p 



(m) 



d 



dN^ d 
dT^p dx^ 



T^,T^ =K 



\ ^ 


S 1 




5t^ 


6x1 




5 


5 1 




5x^' 


Sxi 




' d 


a ' 


dx\ 


' dxl 


J. 



(m) O 



-l—,!^ =R 



(m) d 



where M,™ and A'^,™ are the local components of the nonlinear connection 



(A')c 



,(m) 



j(m) 



R 



(m) 



r while the components R) J „, R; ■, ., j-i,, ■,.. 
(m) 



are d-tensors expressed by 



n>(™) _ 



SM^l SM^"'^ 



5tP 



(P)P o(m) _ {fJ.)a _ (fJ.)] j^(m) 






6xi 



6x^ 



Consequently, the torsion d-tensor field T of the F-linear connection V can be 
described locally by 

Theorem 2.2 The torsion d-tensor T of the T-linear connection V is determined by 
the following local expressions: 



StP ' (5i" / (^)"'3 dx"' ' 

/ l-i 



dx^'6t"J "^(5i^' ySx^'Sf^J "Hx 



dxi ' 6t" J (^)"j' ax™ ' 



SxJ ' (5x* / ' \ (Sx-J ' (5x* / *■' (5x'" ' 



(5xJ ' (5x» y (^)'J' 9x™ ' 



9x^0 ' iJi" ; (^^"(^'^ ax™ ' 






dx'^Sx^l ' \dxySt<-J »0) (5x™' 



^4 ' ^^' J ^^''^^'''^ ^^" ' 



^!3 



^dx'p'dxij (^)«« 9x™' 

where R,J „, R,"\ , R,J.. are the d-tensors constructed above, and 

'fi/J _ /iM _ /^A* T^M _ fM pM(/3) _ i^fJ-iP) rpm _ _r-im 

-'q/S — "-^a/S "-^/Ja' -'aj " ^ aj ' ^ a(j) ~ ^ a{j) ' ^ aj — '-'ja' 

rpm _ T-m Tm p™(/3) _ ^ni(/3) Q(m)(a)(/3) _ ^(m)(Q)(/3) ^(m)(/3)(a) 
p(m) (/3) ^ '^"^(A^)a _ ^(m)(/3) p(m) (/3) ^ '^''(m)» _ ^(m)(/3) 



Corollary 2.3 The torsion T of the T-linear connection V is determined by twelve 
effective d-tensor fields, arranged in the following table 



(2.1) 





Ht 


hm 


V 


hxhT 


T^p 





T^(m) 


hnhr 


aj 


rpva 




hmhrn 





rpni 




vHt 







p{™) (/3) 
(M)a(i) 


vHm 





pm(/3) 


p(m) (W 
^(M)i(i) 


vv 








'^(M)(»)(.7) 



Remark 2.1 In the particular case of the Berwald Fo-linear connection associated to 
the metrics hap and (pij, all torsion d-tensors vanish, except 



R 



(m) 
(/x)q/3 






d(™) _ „m I 
{p)i3 ~ 'y'-^M' 



where H'lp (resp. rj";) are the curvature tensors of the metric hap (resp. ^ij). 

3 Components of curvature d-tensor field 

From the general theory of linear connections, we recall that the curvature d- 
tensor field associated to the F-linear connection V is 



R(X, Y)Z = Vx^yZ - XIy^xZ - V^x.y]Z, y X,Y,Z c X{E). 

Using an adapted basis and the properties of the F-linear connection V, one easily 
prove the following 

Theorem 3.1 The curvature d-tensor R of the T-linear connection V is determined 
by the following eighteen local expressions, 



R 



R 



R 






— R° — — 

6 S \ d 



R 



_S_ _l 

'stn'Jtf^J 5x^ 

(0(a) d 



R 



^P^Sx^' 



^' st-r'stf^] dxi -^{smpidxY 



6 _5_\ J_ 
Sxf" ' dtf> j St" 



R. 



aflk 



St^ 



R 



R 



d_ 
5x'^ ' St^^ I dxl, 



R 



Sx'^ ' 6t^ J Sx^ 



R 



''^''Sx^' 



(5)(t)l3kQ^l ' 



5 



5x'^ ' 5xi / (5i" 



R 



'T~~ — Rn o h "7~T 1 R 



S S \ d 
5x^ ' 5xi ) dxi. 



= R 



S 



5x^ ' 5xi I Sx^ *■' Sx^ ' 



R 



{l){c 



d 



(SW)JkQ^l ' 



R 



R 



K^^,^]^ 



dx^^ ' 5tP } 5t^ 



d d 






d 



\ dx'i ' 5tl^ J dx]^ 



P, 



d 



dx'^ ' Sxi J St" 



P 



5 (7) 



aj(k) gfS ' 



R 



7 

(0(")(7) 

d 



p: 



.' (7) 



s 



R 

<5 



9a;^ ' Sx^ J dx\ 



P, 



(0(") (7) o 



dxi^' dx'J Sf^ 



^S\ 



<5(/9)(7)_^ 
a(i)(fc) Jt<5 ' 



R 



_a d_\ _5_ 



ijik) §j.l ' 



.i(/3)(7)_^ 



R 



d d \ d 

^ dx'^ ' dx^^ J dxl^ 

which we arrange in the following table 



s: 



(0(")(/3)(7) 



d 



('5)(0(j)(fc) Qx^ 



(3.1) 





Ht 


hm 


W 


hxh^ 




^«/37 


p(')(") 
(<5)(^)/37 


hnhr 


R^ 


-Rj,3fe 




huhivi 


^ijk 


R\jk 


r{')(") 
^(Smjk 


vHt 


pf> (7) 
^a/3(fc) 


pi (7) 


p(0(") (7) 


vHm 


p<^ (7) 


p' (7) 


p(0(") (7) 
US)(ih(k) 


vv 


^aU)(k) 


o'(/:*)(7) 


c,(()(Q)(/3)(7) 
'^(<5)(*)(.7)(fc) 



Moreover, using the properties of the d-tensor R and the expressions of local 
T-, M- horizontal and vertical covariant derivatives attached to the F-linear con- 
nection V, we derive the following local components of the curvature d-tensor, 



{hi 



^apj — 



SG' 



ap 



SG' 



aj 



5ti 



^afik — 



SG 



Q/3 



(5x* 



R — 



SL 



a] 



P 



S (7) 



aPik) 



P 



S (7) 



6. S' 



aj(k) 

■5(/3)(7) 
■-(Mk) 



Sx'^ 
dx^ 

dx'^ 



St^ 
dtf^ 
Sxi 






^M tS 

^al3^tJ.k 






^ak^tJ.f:) 



^aj^tik 



^Hk)/I3 



C 



■5(7) 
a(k)\j 



^ak^M ' 

^S{fj.) p{m) (7) 
'^a{m)^if,)l3ik) 



n^ip^) p(™) (7) 

"(m) (M)J(k) 



dx'^ 



a{k) 



^m(/3)^<5(7) 
•-aO) '-M(fe) 






^a(m)^{li)l3k 



a(m) {fJ,)jk 



^m(7)^'5(/3) 
'-'aik) '-M(i) ' 



{h 



M) 



7. 

8. 

9. 

10. 



^ifi-l 



^ifik 



Sti 



SG: 



rfj 



Sx^ 



^ijk ~ 



5L\ 



6tfi 






'■^ip-^mk 









^»(m)«(M)/37 



/^Km) 7-)(»") 

■ ^i(m)^(p)l3k 



dx'^ 6x^ 



T rn T I T m J- 1 

^ij^mk ^ik^m 






P 



I (7) _ ^G^fi 



11. P 



12. S" 



tf3(k) - 

I (7) _ 
ij(k) 



dx'^ 



C 



'(7) 
W//3 



dL 



''3 _ r'^h) 
^iik)\j 



dx^ 
dxk 



^l(fj.) p{m) (7) 
'^i(m)-f^(M)/3(*;) 



q<Hp) p("i) (7) 



^i{m) (ti.)j(k) 



dxjj 



^m(/3)^i(7) 



^i{k) '-'m(i)' 



{V) 



13. R 



15. 



16. 



17. 



(0(") 

(5)(z)/37 






(5G 



(0(") 

(-5) ('07 



5^/3 



/-<('")(«) ^(0(m) 

'-^(p)(i)/3^(5)(m)7" 



^(m)(a)^(i)(Ai) 



/-'(')(")(a') p("0 

^(5)(j)(m)-^(M)/37 



14. R 



(0(") 

(5)(z)/3fc 



Jr^(0(") 

5x^ 



5L 



(0(") 



Jt/3 



^{t^){i)l3^{S)(m)k- 



^{f,){i)k^{S){,n)P 



/-<(0(a)(A') n(m) 



o(0(") 
-«(5)(z)jfc 



i:r(0(") 

5x^ 



rr(0(") 



(5xJ 



^(m)(a).(0(/x) 






'-'{S){i)(m)^{p)jk 



p(0(") (7) _ '^^{smp 

^{5){z)l3{k) Q^k 



_/^(0(a)(7) , ^(0(a)(M)pM (7) 
^(5)(z)(fc)//3 + '-'(5)(i)(m)^(/x)/3(fe) 



18. S', 



3(0(") (7) _ 

(S)(€)3{k) - 
(0(")(/3)(7) 



c. 



dx'^ 



dx^ 



«(")(7) , r^(0(")(M) p(™) (7) 



a/^(0(«)(7) 



^(m)(a)(/3)^a)(M)(7) 



^(m)(a)(7)^(/)(p)(/3) 



Remark 3.1 In the case of the Berwald Fo-hnear connection associated to the metrics 
pair {hafj, ipij), aU curvature d-tensors vanish, except 






''ij k ijki 



where H^^p^ 



(resp. 



' ijk 



are the curvature tensors of the metric hap (resp. (py). 
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4 Ricci and Bianchi identities 

Taking into account the local form of the T- ,M-horizontal and vertical covariant 
derivatives defined in Section 1, by a direct calculation one proves 



Theorem 4.1 If X = X" + X' — - 



(a) Q^^ 

1-jet space E, then the following Ricci identities hold good: 



X)'^\ — — - is an arbitrary vector field on the 



{hj 



vcv. 
^//9/7 



v(y. 



^^^2/37 



VOL rpfl 

^/p^/37 



^ l(m)-«(M)/37 






va rpfj. -y-Q: rprii va.\{f^) p("^) 



VOL VOL VM Z?CK VCi T^rn va\\P') dI'"^) 



Xf, 



(7) 



X 



X 



X 



Il3\(k) 
a I (7) 

a|(/3)|(7) 



X 



a I (7) 



(fe)//3 
a|(7) _ 

(fe)b' " 



X^P 



a (7) 



X^P' 



A'/3(fc) 

Q (7) 



X" C' 



X 



a|(7)|(/3) 

Kfc)l0') 






''('>') — ya|(^) p(™) (7) 

^m(7) _ -^qiIp) plm) (7) 
|mS(fc) "^ l(m)^(A<b(fc) 



^llC 



a(/3)(7) 
MO)(fc) 



-^q|(m) c('")(/3)(7) 
^ l(m)'='(M)0-)(fc) 



(/i 



MJ 



X 



IHh 



^'hlSi ~ ^'' 



1 TDi vi T^M vi I (m) d(^^) 



X 



/I3\k 



X, 



\k/p 



x"i?: 



'mPk 



^IlL^fik 



XI t: 



I3k 



yi|(A') n(m) 
l(m)^*'(Ai)/9/c 



X 



b|fc 



X, 



X 



(7) 

//3l(fe) 



v-i 1(7) 






x^i?: 



(7) 

(fc)//3 






^[m-'-jk 



l(m) Wjk 



:i (7) 
i/3(fc) 



^/„C; 



'^(7) 



/M^/3(fe) 



X 



(a*) p("i) (7) 
\(m)^{p)l3(k) 



X'- 



(7) _ X"^P 



(fc)b' 



(7) _ J^i (^™(7) _ j^i|(A') plm) (7) 



mj(k) 



M™ i(fc) 



'(™) (^)i(fc) 



X 



*|(/3)|(7) 



X 



i\(l)\(P) _ Tk-mc.*(/3)(7) 



i(fc)iO) 



X'^S 



m{j){k) 



X 



*|(m) c.(™)(/3)(7) 
\{m)^{p){j){k) ' 



(«) 



X 



(a)//3/7 



X 



(a)//31fc 



X 



X 



(i) _ y(m) p(«)(A') 

(a)/7//3 - ^(/x) ^(a)(m)/37 

(a)|fc//3 -^(^) "(a)(m)/3fc 

^{a)\{,n)^{p)f3k 



X 



(0 



T^P 



(a)/M Pi 



X 



(i) |(m) n('") 
(a)l(m)-f^(/x)/37 



X 



(0 






{a)/(i-'-l3k 



X 



(^) 






(Q)|m^/3fc 



X 



X 



(0 
{a)\j\k 

W 1(7) 

(a)//3l(fc) 



_ j^ii) _ j^{^) ]^{i)(p) 



\a)\k\] 



'(/j) (Q)(m)jfc 



X 



(^) 



(Q)|m jfc 



T™ — X'*-* l^'^-' i?'™-* 



X 



(i) 1(7) 
(a)lil(fc) 



X 



X 



(i) 1(7) _ x^('n)p(J)(M) (7) 
(a)l(fc)//3 -"^(m) Ma)(m)/3(fc) 

_ yii) |(m) pCm) (7) 
^(a)l(m)^(M)/3(fc) 

W 1(7) _ y(™)pW(M) (7) _ 
(a)l(fc)b- -"^(m) Ma)(m)j(/c) 

_ j^{i) |(A') p(™) (7) 



-X 



(i) 



c 



'(a)l(m) (/x)ifc 



(a)/p^/3(fc) 



X 



(i) 



c 



™(7) 



{a)\m j(k) 



^(a)\(my {t,)j(k) 



X 



W |(/3)|(7) 
(a)lo)l(fe) 



X 



W |(7)|(/3) 
(a)l(fc)lo-) 



y(m)c,(j)(M)(/3)(7) 
^(m) '^(a)(m)0)(fc) 



y{t) |(m) <.(m)(/3)(7) 
^(a)l(m)'='(M)0-)(fc) 
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Remark 4.1 For the arbitrary vector fields X,Y, Z E X{E) and the arbitrary 1-form 
LU e X*{E) on J^{T,M), the relations 

(4.1) \ 

[ R(X, Y){Z ®uj)^ R(X, y)Z ®uj + Z® R(X, r)w, 

are true. These relations allow us to generalize the Ricci identities to the d-tensors set 
of the 1-jet fibre bundle E. The generalization is a natural one, but the expressions 
of Ricci identities become extremely complicated. For that reason, we exemplify this 
generalization writing just one Ricci identity. For example, if D = {D^ , )(i)") ^^ ^^ 
arbitrary d-tensor field on E, then the following Ricci identity 

j~.Si{k)(e)... _ p.Si{k)(e)... _ j^fii{k){s)... ^a , p,Sm{k){s)... pi 

^ajir,m.../p/i ^aj(nm-/l/l3 ~ ^aj (r,) (/)... ^m/St "^ ^aj(r,)(l)... ^m(3'y + 

j^5i{m){e)... jy(k){fj.) _ j^Si{k){s)... ^fi _ ^5i(k){e)... r,m _ 

+^aj(p)(/)... -«(,,)(m)/37 + ^MiWW-- "/37 ^am(v)il)...-^if3'( 

_j~^5i{k){fi)... n(m)(e) _ _ p^Si{k){e)... ,f,fj. _ j-.Si{k){s)... ,(fj.) rf{m) 

holds good. 

d 

Now, let us consider the Liouville canonical vector field C^ xl,-—— and the de- 

flection d-tensors associated to the T-linear connection V, defined by the local com- 
ponents 

By a direct calculation, we find 



(4.2) 



j(*)(/3) _ ci c/3 I ^(»)(m)(/3) ^m 



Applying the w-set of the Ricci identities to the components of the Liouville vector 
field, we obtain 

Theorem 4.2 The deflection d-tensors, attached to the T-linear connection V, sat- 
isfy: 

' fl^^^ — f)(*' _^mp(*)(M) _ f)(*) T^ _ j(«)(m) n("l) 

^(a)/3|fc ^(a)k/l3 — ■^ti^(a)(m)l3k ^{a)fi-^f3k ^{a)m-^0k "(a)(m)^(^)/3fc 

n(*) _ r)(*) _™mp(«)(A') _ r)(*) Tm _ j(«)(m) p(m) 

^(a)j\k ^{a)k\j ~ -^M -"'(a)(m)jfe ^ (a)m-^ jk "'(a){m)-"'(fj.)jk 

f)(i) |(7)_j(i)(7) _^)np(i)(A') (7) „f)(*) ^"^(7) _ j(i)(A') p("i) (7) 

^(a)/3l(fe) %)(fe)//3 - ^M ^(a)(m)/3(fe) ^(a)M'-'/3(fc) %)(m)^(A<)/3(fe) 

n(*) |(7)_j(i)(7) _^)np(i)(A') (7) _n(*) r''"('^) _ ^(*)(^) p(™) f"^) 

^(abl(fe) V)(fe)|j -^M-f^MMjXfe) ^(a)m^j(k) V)(™) (Mb(fe) 

jW(/3) ,(7) _ jW(7) |(/3) _ ^mc(i)(M)(/3)(7) _ jW(m) o('n)(/3)(7) 
V)O)l(fe) V)(fe)l(j) -^M'='(a)(m)(i)(fe) V)(m)'^(M)(j)(fe) • 



12 



Finally, note that the torsion T and the curvature R of the F-linear connection V 
are not independent. They verify the general Bianchi identities H 

r E{XY,z}{(VxT)(y, Z) - R(X, Y)Z + T(T(X, F), Z)} = 0, V X, F, Z e X{E) 

I E{x.Y,z}{(VxR)(f/,>',^) + R(T(x,y),z)[/} = o, yx,Y,z,uex{E), 

where {X, Y, Z} means cyclic sum. 

In the adapted basis (Xa) ~ ( -? — ,-^^,-::r^|j we have sixty-four effective 
Bianchi identities, obtained by the relations 

{Z^tA.B,C}i^ABC ~ '^AB-.C ^ '^Ab'^CG! — ^ 
F 
J2{A,B,C}l^DAB:C + "^AB^DAGS — ^^ 

where 'R.{Xa,Xb)Xc = Rg^A^D, T(X^,Xb) = T^a^d and " .,a" represents one of 
the covariant derivatives "/„", "|i" or "|/"n . The large number and the complicated 
form of the above Bianchi identities associated to a F-linear connection determine us 
to study them, in a subsequent paper H, in the more particular case of the h-normal 
V-linear connections. In that case, the number of Bianchi identities reduces to thirty. 

5 Jet prolongation of vector fields 

A general vector field X* on J^{T, M) can be written under the form 
Y* - Y^ ^ , ^^ ^ , ^W cl 

where the components X", X^ -^(J) ^^"^ functions of (P, x*, a;„). 

The prolongation of a vector field X on T x AI to a vector field on the 1-jet bundle 
J-^iT, AI) was solved by Olver jT2| in the following sense. 

Definition 5.1 Let X be a vector field on T x M with corresponding (local) one- 
parameter group exp(£X). The 1-th prolongation of X, denoted by pA^'X, will be 
a vector field on the 1-jet space J^{T,A'I), and is defined to be the infinitesimal 
generator of the corresponding prolonged one-parameter group pr^^' [exp(eX)], i. e. , 



(5.1) [pr(l)X](i^a:^0= ^ 



pr(i)[exp(£X)](P,x%0. 



In order to write the components of the prolongation, Olver used the a-th total 
derivative Da of an arbitrary function /(i",a;*) on T x AI, which is defined by the 
relation 

Thus, starting with X = X^U, x)- h XUt, x)—- like a vector field on T x M, 

ot" ox"^ 

Olver introduced the 1-th prolongation of X as the vector field 

(5.3) prWx = X + X«(t^x^4)^, 
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where 

Let us use a geometrical approach for obtaining jet prolongations of vector fields. 
If we assume that is given a nonlinear connection F = {Mj-^\g^Nj-^\ ) on J^{T,M), 
then the a-th total derivative used by Olver can be written as 

(5-4) ^"/-|& + ^< = //" + /k<- 

and, consequently, Daf represent the local components of a distinguished 1-form on 
J^(T, M), which is expressed by Df = {Daf)dt°'. 

Now, let there be given a vector field X on T x M. If we suppose that J^{T, M) is 



endowed at the same time with a F- linear connection 1.4, we can define the geometrical 
1-th jet prolongation of X, 

setting 

Remarks 5.1 i) Our prolongation coincides with that of Olver. Moreover, we have 
the relation 

(5.6) r/'' = xj^ + a4'\ X^ + Ni'\ X". 

V -' (a) (a) (ctjM [ajm 



ii) In the particular case of the Berwald Fo-linear connection associated to the 
metrics /iq/j and fij , the expression of Yyi reduces to 

(5.7) ^(1:; - X;/„ + Xl^xi - Xf/^^ - X^^xix^^ - 27]„xiX™, 

where 7^^, represent the Christoffel symbols of the metric ipij. 

Open problem. 

Study the prolongations of vectors, 1-forms, tensors, G-structures from T x M to 

J\T,M). 
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